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Abstract
The purpose of this note is to present some fixed point and data dependence theorems in complete
gauge spaces and in hyperconvex metric spaces for the so-called Meir–Keeler multivalued operators
and admissible multivalued aα-contractions. Our results extend and generalize several theorems of
Espínola and Kirk [R. Espínola, W.A. Kirk, Set-valued contractions and fixed points, Nonlinear Anal.
54 (2003) 485–494] and Rus, Petrus¸el, and Sînta˘ma˘rian [I.A. Rus, A. Petrus¸el, A. Sînta˘ma˘rian, Data
dependence of the fixed point set of some multivalued weakly Picard operators, Nonlinear Anal. 52
(2003) 1947–1959].
 2004 Elsevier Inc. All rights reserved.
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1. Preliminaries
Throughout this paper, the standard notations and terminologies in nonlinear analysis
are used. For the convenience of the reader we recall some of them.
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R. Espínola, A. Petrus¸el / J. Math. Anal. Appl. 309 (2005) 420–432 421Let (X,d) be a metric space and f : X → X be an operator. Then f 0 := 1X, f 1 :=
f, . . . , f n+1 = f ◦ f n, n ∈ N denote the iterate operators of f . A sequence of successive
approximations of f starting from x ∈ X is a sequence (xn)n∈N of elements of X with
x0 = x, xn+1 = f (xn), for n ∈ N. By Fixf := {x ∈ X | x = f (x)} we will denote the fixed
point set of the operator f .
If Y is a subset of X then diam(Y ) := sup{d(a, b) | a, b ∈ Y } denote the diameter of the
set Y .
Also we will use the following symbols:
P(X) = {Y | Y is a subset of X}, P (X) = {Y ∈P(X) ∣∣ Y is nonempty},
Pb(X) :=
{
Y ∈ P(X) ∣∣ Y is bounded},Pcl(X) := {Y ∈ P(X) ∣∣ Y is closed},
Pb,cl(X) :=
{
Y ∈ P(X) ∣∣ Y is bounded and closed}.
If F : X → P(X) is a multifunction then for Y ∈ P(X), F(Y ) := ⋃x∈Y F (x) will
denote the image of the set Y , the set of all nonempty invariant subsets of F will be
denoted by I (F ) := {Y ∈ P(X) | F(Y ) ⊂ Y }, while the graph of the multifunction F is
denoted by GrafF := {(x, y) ∈ X × X | y ∈ F(x)}. Also F 1(x) := F(x), . . . ,F n+1(x) =
F(Fn(x)), n ∈ N, x ∈ X denote the iterate operators of F .
Throughout the paper FixF := {x ∈ X | x ∈ F(x)} denotes the fixed point set of the
multifunction F .
If X,M are nonempty sets and F : X → P(M) is a multifunction then a selection of F
is a singlevalued operator f : X → M having the property f (x) ∈ F(x), for each x ∈ X.
The following (generalized) functionals are used in the main section of the paper.
The gap functional
(1) D : P(X)×P(X) → R+ ∪ {+∞},
D(A,B) =
{ inf{d(a, b) | a ∈ A, b ∈ B}, A = ∅ = B,
0, A = ∅ = B,
+∞, otherwise.
The excess generalized functional
(3) ρ : P(X)×P(X) → R+ ∪ {+∞}
ρ(A,B) =
{
sup{D(a,B) | a ∈ A}, A = ∅ = B,
0, A = ∅,
+∞, B = ∅ = A.
Pompeiu–Hausdorff generalized functional
(4) H :P(X)×P(X) → R+ ∪ {+∞}
H(A,B) =
{
max{ρ(A,B),ρ(B,A)}, A = ∅ = B,
0, A = ∅ = B,
+∞, othewise.
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complete metric space.
For more details and basic results concerning the above notions see for example [6,8,
16], among others.
By definition, f : X → X is a Meir–Keeler operator if it satisfies the condition:
for all ε > 0 there is δ > 0 such that ε  d(x, y) < ε + δ
⇒ d(f (x), f (y))< ε.
Meir–Keeler operators were introduced in order to generalize the well-known Banach
contraction principle. In fact, Meir and Keeler [20] proved the following result.
Theorem 1.1. Let (X,d) be a complete metric space and f : X → X be a Meir–Keeler
operator. Then Fixf = {x∗} and for each x ∈ X the sequence (f n(x))n∈N of successive
approximations of f starting from x converges to the unique fixed point.
For more details about generalizations of contractive-type conditions see Kirk [18] or
Rus [25].
A function ϕ : [0,∞[→ [0,∞[ is said to be an L-function if ϕ(0) = 0, ϕ(s) > 0 for all
s > 0, and for every s > 0 there exists u > s such that:
ϕ(t) s for t ∈ [s, u].
In [19] T.C. Lim states that f : X → X is a Meir–Keeler operator if and only if
there exists a nondecreasing and right continuous L-function ϕ such that d(f (x), f (y)) <
ϕ(d(x, y)) for each x, y ∈ X, with x = y.
For the multivalued case, the following notion was introduced by Reich [23]. By defin-
ition, F : X → Pcl(X) is called a multivalued Meir–Keeler operator if
for all ε > 0 there is δ > 0 such that ε  d(x, y) < ε + δ
⇒ H (F(x),F (y))< ε.
Lim also proved that the above characterization of Meir–Keeler operators remains true
in the multivalued case [19, Theorem 2].
A metric space X is said to hyperconvex if given {xα} ⊆ X and {rα} ⊆ R+ satisfying
d(xα, xβ)  rα + rβ it is the case that ⋂α B(xα; rα) = ∅. Hyperconvex spaces are char-
acterized by the fact that they are injective. Thus X is hyperconvex if and only if given
any metric space Y and Z ⊂ Y, any nonexpansive f : Z → X can be extended to a non-
expansive g : Y → X. This is a classical result of Aronszajn and Panitchpakdi [5]. Also,
any hyperconvex space is complete. For other properties of hyperconvex spaces, see, for
example, [7,12] or [17]. We note in particular that the class of hyperconvex spaces includes
the classical L∞ spaces of functional analysis.
The class of sets A(X) stands for all admissible subsets of X, i.e., those nonempty sub-
sets of X which are intersection of closed balls. We will use the well-known fact (see, e.g.,
[7]) that bounded hyperconvex metric spaces have the fixed point property for nonexpan-
sive mappings, and that the fixed point sets of such mappings are themselves hyperconvex.
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We start the main section of the paper by presenting some auxiliary results, which are
needed in the sequel. Because it will be important to specify the function ϕ given by Lim
in the characterization of a Meir–Keeler operator, we will use for a Meir–Keeler operator
the denomination of ϕ-MK contraction.
The first result, an auxiliary one in our approach, is, on the other hand, an existence and
uniqueness theorem for a multivalued fractal. Moreover, this result extends, to the space
of nonempty bounded and closed subsets of a complete metric space, a previous result of
Petrus¸el in [21].
The proof of the first result follows mainly that of a similar result from Andres–Fišer
[3], see [4]. For the convenience of the reader we present here the details of the proof.
Lemma 2.1. Let (X,d) be a complete metric space and F : X → Pb,cl(X) be a ϕ-MK
contraction. Then the operator Fˇ : Pb,cl(X) → Pb,cl(X), defined by
Fˇ (Y ) :=
⋃
x∈Y
F (x), for Y ∈ Pb,cl(X)
is a ϕ-MK contraction and has a unique fixed point A∗ ∈ Pb,cl(X).
Proof. We have successively:
H
(
Fˇ (Y ), Fˇ (Z)
)= H(⋃
y∈Y
F (y),
⋃
z∈Z
F(z)
)
= max{ρ(F(Y ),F (Z)), ρ(F(Z),F (Y ))}.
Further, since ϕ is nondecreasing and right continuous,
ρ
(
F(Y ),F (Z)
)= sup
u∈F(Y )
D
(
u,F (Z)
)= sup
y∈Y
ρ
(
F(y),F (Z)
)
 sup
y∈Y
inf
z∈ZH
(
F(y),F (z)
)
 sup
y∈Y
inf
z∈Z ϕ
(
d(x, y)
)
 ϕ
(
ρ(Y,Z)
)
.
Similarly we can prove that ρ(F (Z),F (Y ))  ϕ(ρ(Z,Y )), and so the first conclusion
follows. The existence of the unique fixed point A∗ follows by Theorem 1.1. 
An immediate consequence of Lemma 2.1 is the following lemma.
Lemma 2.2. Let X be a pseudometric space and F : X → Pb,cl(X) be a ϕ-MK contraction.
Then for any selection f : X → X of F , the sequence (f n(x))n∈N of successive approxi-
mations is bounded.
Proof. Consider Fˇ as in Lemma 2.1. Then Fˇ is a ϕ-MK contraction. From the proof of
Lemma 2.1 it follows that the sequence (Fˇ n(X0))n∈N is Cauchy, for each X0 ∈ Pb,cl(X).
Then for any selection f : X → X of F we have that f n(x) ∈ Fˇ n(x), for each n ∈ N and
424 R. Espínola, A. Petrus¸el / J. Math. Anal. Appl. 309 (2005) 420–432x ∈ X. Since Fˇ n(x) is bounded, for each x ∈ X, we get that the sequence (f n(x))n∈N is
also bounded, for each x ∈ X. 
The basic definitions and properties of gauge spaces may be found, for example, in [10].
Throughout this paper, we assume that E is a gauge space endowed with a complete
gauge structure induced by a family {dα | α ∈ Λ} of pseudometrics, where Λ is a directed
set, and the following condition (see Frigon [15]) is satisfied:
dα(x, y) dβ(x, y) for every x, y ∈ E and every α  β. (2.1)
The first main result of this note is:
Theorem 2.3. Let Fα : E → Pcl(E) (α ∈ Λ) be a family of multifunctions satisfying the
following assertions:
(a) Fα is a multivalued ϕα-MK contraction, for each α ∈ Λ, i.e., Hα(Fα(x),Fα(y)) <
ϕα(dα(x, y)), for each x, y ∈ E and each α ∈ Λ.
(b) If β  α, then Fβ(x) ⊂ Fα(x), for each x ∈ E.
(c) For each α ∈ Λ and each ε > 0 there exists β  α such that
diamβ
(
Fβ(x)
)
 ε − ϕβ(ε), for each x ∈ E.
Then there exists a unique common fixed point z ∈ E for the family (Fα)α∈Λ, i.e., there
exists a unique z ∈ Fα(z), for each α ∈ Λ. Moreover, if f¯ (x) := ⋂α∈Λ Fα(x), for each
x ∈ E, then (f¯ n(x))n∈N converges to z for every x ∈ E.
Proof. The idea of the proof is similar to that of [11, Theorem 4]. Let α ∈ Λ and x ∈ E.
Using the assumptions (b) and (c), we get that (Fα(x)) is a descending net of nonempty
closed subsets of (E, dα) whose diameters tend to 0. So (Fα(x)) is a Cauchy net in (E, dα),
for each α ∈ Λ and hence it is a Cauchy net in E too. Since E is complete we get that the
set
⋂
α∈Λ Fα(x) is a singleton for each x ∈ E. Let f¯ (x) :=
⋂
α∈Λ Fα(x), for each x ∈ E.
We will prove now the following auxiliary result.
Auxiliary lemma. Let α ∈ Λ and δ > 0. Suppose S ⊂ E is such that δ  diamα(S) < +∞
and suppose that β  α satisfies the condition:
diamβ
(
Fβ(x)
)
 ε − ϕβ(ε), for each x ∈ E,
for some ε > 0 with the property ε − ϕβ(ε) 14 (diamβ(S)− ϕβ(diamβ(S))).
Then diamβ(f¯ (S)) < 12 (diamβ(S)+ ϕβ(diamβ(S))).
Proof of the auxiliary lemma. Consider u,v ∈ S. Then we have successively
dβ
(
f¯ (u), f¯ (v)
)
Hβ
(
F(u),F (v)
)+ diamβ(F(u))+ diamβ(F(v))
< ϕβ
(
dβ(u, v)
)+ 2 · (ε − ϕβ(ε))( ) 1( ( )) ϕβ diamβ(S) + 2 diamβ(S)− ϕβ diamβ(S) .
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plete. 
Let us return now to the proof of the theorem. Consider
Sn :=
{
f¯ n(x), f¯ n+1(x), . . .
}
, for n = 1,2, . . . , and for x ∈ E.
Let α ∈ Λ be such that Fα has α-bounded values and let β ∈ Λ as in the assumption (c).
Then Fβ has β-bounded values and, from Lemma 2.2, the set Sn is β-bounded as well, for
each n = 1,2, . . . .
Assume, by contradiction, that (f¯ n(x))n∈N is not Cauchy in (E, dα). Then there exists
δ > 0 such that limn→+∞(diamα Sn) = δ.
Moreover,
diamβ(Sn+1) = diamβ
(
f (Sn)
)
<
1
2
(
diamβ(Sn)+ ϕβ
(
diamβ(Sn)
))
. (2.2)
Let diamβ(Sn) → θ > 0. To reach a contradiction, observe that diamβ(Sn+1) <
1
2 (diamβ(Sn)+ ϕβ(diamβ(Sn))) implies
diamβ(Sn+1) < ϕβ
(
diamβ(Sn)
)
. (2.3)
There are two possibilities. If diamβ(Sn) = θ > 0, for all n sufficiently large, then (2.2)
implies θ < ϕβ(θ), which contradicts the assumption that ϕβ is an L-function. Otherwise,
for n sufficiently large,
ϕβ
(
diamβ(Sn)
)
< θ  diamβ(Sn+1),
which contradicts (2.3).
So the sequence (f¯ n(x))n∈N is Cauchy in (E, dβ) and then it is also Cauchy in (E, dα),
again a contradiction.
Let us denote by z ∈ E the point of the space with the property
lim
n→+∞dα
(
f¯ n(x), z
)= 0.
We will prove that this is the required common fixed point. To do this, suppose that
f¯ (z) = z. Then there exists α ∈ Λ such that dα(f¯ (z), z) = δ > 0. This implies that
limn→+∞ dα(f¯ n+1(z), f¯ (z)) = δ. But from the auxiliary lemma we deduce for β  α that
dβ
(
f¯ n+1(x), f¯ (z)
)
<
1
2
(
dβ
(
f¯ n(x), z
)+ ϕβ(dβ(f¯ n(x), z))).
This is a contradiction since the right-hand side tends to 0 as n → ∞. Therefore f¯ (z) = z
and hence z is a common fixed point for the family (Fα)α∈Λ. Uniqueness is again an easy
consequence of the auxiliary lemma. The proof of the theorem is now complete. 
Remark 2.4. When we take ϕα(t) = kα · t for each t ∈ R (where kα < 1), Theorem 2.3 is
Theorem 4 from Espínola–Kirk [11].
For the special case of the hyperconvex metric space we can prove the following theo-
rem.
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a family of multifunctions satisfying the following assertions:
(a) Fα is a multivalued ϕα-MK contraction, for each α ∈ Λ.
(b) If β  α then Fβ(x) ⊂ Fα(x), for each x ∈ X.
(c) For each ε > 0 there exists α ∈ Λ such that
diam
(
Fα(x)
)
 ε, for each x ∈ X.
(d) For every α ∈ Λ and M  0 there exists β  α and tβ  0 such that
ϕβ(t) tβ ∀t ∈ [tβ , tβ +M].
Then there exists at least one common fixed point z ∈ X for the family (Fα)α∈Λ, i.e., there
exists z ∈⋂α∈Λ Fα(z).
Proof. Let us define the singlevalued operator f : X → X, by f (x) :=⋂α∈Λ Fα(x), for
each x ∈ X. Then
d
(
f (x), f (y)
)
D
(
f (x),Fα(x)
)+H (Fα(x),Fα(y))+D(f (y),Fα(y))
< ϕα
(
d(x, y)
)
,
for each x, y ∈ X. So f is a ϕ-MK contraction and hence it is a nonexpansive operator.
Consider ε > 0 so that the ε-fixed point set for f is nonempty, i.e., Fixε f := {x ∈ X |
d(x,f (x)) ε} = ∅. It is known (see [28]) that Fixε f is hyperconvex.
We will prove that diam(Fixε f ) < +∞. For this purpose, fix M > 2ε, and let α ∈ Λ
such that diam(Fα(x)) (M − 2ε)/2, for each x ∈ X and β as given by assumption (d).
If diam(Fixε f ) = +∞, then, since Fixε f is hyperconvex, there exist u,v ∈ Fixε f such
that d(u, v) = tβ +M . Then we have successively
d(u, v) = tβ +M  d
(
f (u), f (v)
)+ 2ε
H
(
Fβ(u),Fβ(v)
)+ diam(Fβ(u))+ diam(Fβ(v))+ 2ε
< ϕβ
(
d(u, v)
)+ 2ε + 2M − 2ε
2
= ϕβ
(
d(u, v)
)+M.
Therefore tβ < ϕβ(tβ + M), which is a contradiction with condition (d). This proves
that Fixε f is bounded. Since f : Fixε f → Fixε f is nonexpansive, the existence of at
least one fixed point is ensured by a well-known fixed point theorem, see, for example,
[28]. 
Remark 2.6.
(a) Notice that condition (d) in the previous theorem can be weakened by making M > 2ε
where ε is such that Fixε(f ) = ∅.
(b) We may remark that the condition
(d ′) t − ϕ(t) → +∞, as t → +∞
implies condition (d) in Theorem 2.5. Hence, any weakly contractive operator (see, for
example, [3,4,24], etc.) satisfies all the hypothesis of the above theorem.
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ness of the fixed point.
An immediate consequence of Theorem 2.5 and the fact that Meir–Keeler operators are
nonexpansive is the following fixed point result in hyperconvex spaces.
Corollary 2.7. Let X be a hyperconvex space and F : X → A(X) a multivalued Meir–
Keeler operator. Then FixF is nonempty and hyperconvex.
We also need in the sequel the following lemma.
Lemma 2.8. Let X be a hyperconvex space and F : X → A(X) be a multivalued Meir–
Keeler operator. Then the fixed point set FixF is bounded.
Proof. From Corollary 2.7 we know that FixF is nonempty. From Lemma 2.1 we have
that the operator Fˇ : Pb,cl(X) → Pb,cl(X), defined by
Fˇ (Y ) :=
⋃
x∈Y
F (x), for Y ∈ Pb,cl(X)
is a Meir–Keeler operator on the complete metric space Pb,cl(X) and it has an unique fixed
point, let us say A∗ ∈ Pb,cl(X). Next, it is easy to observe that FixF ⊂ A∗. Indeed, let
x ∈ F(x) a fixed point for F . Then x ∈ F(x) ⊂ F 2(x) · · · ⊂ Fn(x) · · · and so
x ∈
⋃
n∈N∗
Fn(x) ⊂
⋃
n∈N∗
Fn(x) = lim
n→+∞F
n(x) = A∗.
The proof is now complete. 
Using a similar technique as in [11, Theorem 8] we can prove the following theorem.
Theorem 2.9. Let (X,d) be a hyperconvex metric space and let Fα : X →A(X) (α ∈ Λ)
a family of multifunctions satisfying the following assertions:
(a) Fα is a multivalued Meir–Keeler operator, for each α ∈ Λ.
(b) If β  α then Fβ(x) ⊂ Fα(x), for each x ∈ X.
Then the common fixed point set {x ∈ X | x ∈⋂α∈Λ Fα(x)}, of the given family, is non-
empty and hyperconvex.
3. Data dependence results
Following Frigon [14], we introduce the notion of admissible aα-contraction, as follows.
Definition 3.1. Let E = (E, {dα}α∈Λ) be a gauge space endowed with a gauge structure
{dα}α∈Λ. A multivalued operator F : E → Pcl(E) is called an admissible multivalued aα-
contraction if aα ∈ ]0,1[, for each α ∈ Λ and the following conditions are satisfied:
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(ii) for every x ∈ E and every q ∈ ]1,+∞[Λ there exists y ∈ T (x) such that dα(x, y) 
qα ·Dα(x,T (x)), for each α ∈ Λ.
Following the argument of Frigon [14] it is easy to prove the following fixed point result.
Theorem 3.2. Let E be a complete gauge space and let F : E → Pcl(E) be an admissible
multivalued aα-contraction. Then FixF is nonempty and closed.
Moreover, a data dependence result holds for the fixed point set of such admissible
multivalued aα-contractions.
Theorem 3.3. Let E be a complete gauge space. Let F : E → Pcl(E) be an admissible mul-
tivalued aα-contraction and G : E → Pcl(E) be an admissible multivalued bα-contraction.
Suppose that there exists η ∈ ]0,+∞[Λ such that Hα(F(x),G(x)) ηα , for each x ∈ E
and for each α ∈ Λ.
Then Hα(FixF,FixG) 1/(1 −mα) · ηα , where mα = max{aα, bα}, α ∈ Λ.
Proof. Let 1 < qα < a−1α , α ∈ Λ. Consider x0 ∈ FixF and x1 ∈ G(x0) such that
dα(x0, x1) qα · ηα , for each α ∈ Λ. Then, there exists x2 ∈ G(x1) such that dα(x1, x2)
qα ·Dα(x1,G(x1)), for every α ∈ Λ. We have successively
dα(x1, x2) qα ·Dα
(
x1,G(x1)
)
 qα ·Hα
(
G(x0),G(x1)
)
 qα · aα · dα(x0, x1),
for each α ∈ Λ. Hence we can construct a sequence (xn)n∈N of successive approximations
for G starting from x0 satisfying the relation: dα(xn, xn+1) (qαaα)n ·dα(x0, x1), for each
α ∈ Λ. By standard methods, we obtain that (xn)n∈N converges and its limit is a fixed point
(denoted by x∗G) of G.
Also, we have the following estimate:
d
(
xn, x
∗
G
)
 (qαaα)
n
1 − qαaα qα · ηα, for each n ∈ N and for each α ∈ Λ.
Taking n = 0 in the above relation, we obtain
d
(
x0, x
∗
G
)
 1
1 − qαaα · qαηα, for each α ∈ Λ.
Using a similar procedure, we can also show that for each y0 ∈ FixG, there exists a
sequence (yn)n∈N of successive approximations for F starting from y0, which converges
to y∗F ∈ FixF .
Also we have
d
(
y0, x
∗
F
)
 1
1 − qαbα · qαηα, for each α ∈ Λ.
In conclusion, we have proved that
Hα(FixF,FixG)
1
1 − qαmα · qαηα, for each α ∈ Λ.
Letting qα ↘ 1, we get the conclusion. 
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valued operators F : E → Pcl(E) satisfying the following assumptions:
(i) for every α ∈ Λ, Hα(F(x),F (y))  aα · dj (α)(x, y), for each x, y ∈ E, where aα ∈
]0,1[ and j : Λ → Λ is a mapping of the index set into itself satisfying the condition:
dj (α)(x, y) dα(x, y), for each x, y ∈ E;
(ii) for every x ∈ E and every q ∈ ]1,+∞[Λ there exists y ∈ F(x) such that dα(x, y) 
qα ·Dα(x,F (x)), for every α ∈ Λ.
This kind of multivalued operators is important in the theory of functional-differential
equations and inclusions with delay. See also [1].
Recall now the concept of a multivalued weakly Picard operator. In this respect, we
need the notion of L-space in Fréchet’s sense.
Let X be a nonempty set and s(X) := {(xn)n∈N | xn ∈ X, n ∈ N}.
Let c(X) ⊂ s(X) a subset of s(X) and Lim : c(X) → X an operator. By definition the
triple (X, c(X),Lim) is called an L-space if the following conditions are satisfied:
(i) If xn = x, for all n ∈ N, then (xn)n∈N ∈ c(X) and Lim(xn)n∈N = x.
(ii) If (xn)n∈N ∈ c(X) and Lim(xn)n∈N = x, then for all subsequences, (xni )i∈N, of
(xn)n∈N we have that (xni )i∈N ∈ c(X) and Lim(xni )i∈N = x.
By definition an element of c(X) is a convergent sequence and x := Lim(xn)n∈N is the
limit of this sequence and we write xn → x as n → ∞.
In what follows we will denote an L-space by (X,→).
Actually, an L-space is any set endowed with a structure implying a notion of con-
vergence for sequences. For example, Hausdorff topological spaces, metric spaces, gen-
eralized metric spaces (in Perov’s sense: d(x, y) ∈ Rm+, in Luxemburg–Jung’s sense:
d(x, y) ∈ R+ ∪ {+∞}, d(x, y) ∈ K , K a cone in an ordered Banach space, d(x, y) ∈ E,
E an ordered linear space with a notion of linear convergence, etc.), gauge spaces, 2-metric
spaces, D-R-spaces, probabilistic metric spaces, syntopogenous spaces, are such L-spaces.
For more details see Fréchet [13], Blumenthal [9].
Definition 3.5 (Rus–Petrus¸el–Sînta˘ma˘rian [26,27]). Let (X,→) be an L-space. Then T :
X → P(X) is a multivalued weakly Picard operator (briefly MWP operator) if for each
x ∈ X and each y ∈ T (x) there exists a sequence (xn)n∈N in X such that:
(i) x0 = x, x1 = y;
(ii) xn+1 ∈ T (xn), for all n ∈ N;
(iii) the sequence (xn)n∈N is convergent and its limit is a fixed point of T .
We now define some important abstract notions:
Definition 3.6. Let (X,→) be an L-space and T : X → P(X) be an MWP operator. Then
we define the multivalued operator T ∞ : Graf(T ) → P(FixT ) by the formula T ∞(x, y) =
430 R. Espínola, A. Petrus¸el / J. Math. Anal. Appl. 309 (2005) 420–432{z ∈ FixT | there exists a sequence of successive approximations of T starting from (x, y)
that converges to z}.
Definition 3.7. Let E be a gauge space and T : X → P(X) an MWP operator. Then T is
an admissible cα-multivalued weakly Picard operator (briefly cα-AMWP operator) if and
only if cα ∈]0,+∞[ for each α and the following assertions are satisfied:
(i) there exists a selection t∞ of T ∞ such that dα(x, t∞(x, y))  cα dα(x, y), for all
(x, y) ∈ Graf(T ) and for every α ∈ Λ.
(ii) for every x ∈ E and every q ∈ ]1,+∞[Λ there exists y ∈ T (x) such that dα(x, y) 
qα ·Dα(x,T (x)), for every α ∈ Λ.
Example 3.8. Let E be a complete gauge space and T : X → Pcl(X) be an admissible
multivalued aα-contraction. Then T is a cα-AMWP operator, where cα = (1 − aα)−1.
For other examples see Agarwal, O’Regan [2], Angelov, Rus [1], Frigon [14],
Petrus¸el [22].
Our main abstract result on the data dependence problem for AMWP operators is the
following theorem.
Theorem 3.9. Let E be a complete gauge space. Let T1 : E → Pcl(E) be a c1α-AMWP
operator and T2 : E → Pcl(E) be a c2α-AMWP operator.
Suppose that there exists η ∈ ]0,+∞[Λ such that Hα(T1(x), T2(x))  ηα , for each
x ∈ E and for each α ∈ Λ.
Then Hα(FixT1,FixT2) cα · ηα , where cα = max{c1α, c2α}, α ∈ Λ.
Proof. Let ti : X → X be a selection of Ti, i ∈ {1,2}. For each α ∈ Λ we have
Hα(FixT1,FixT2)max
{
sup
x∈FixT2
dα
(
x, t∞1
(
x, t1(x)
))
, sup
x∈FixT1
dα
(
x, t∞2
(
x, t2(x)
))}
.
Let q ∈ ]1,+∞[Λ. Then we can choose ti , for i ∈ {1,2}, such that for each α ∈ Λ,
dα
(
x, t∞1
(
x, t1(x)
))
 c1α qαHα(T2(x), T1(x)), for all x ∈ FixT2,
and
dα
(
x, t∞2
(
x, t2(x)
))
 c2αqαHα
(
T1(x), T2(x)
)
, for all x ∈ FixT1.
Thus, we have
Hα(FixT1,FixT2) qαηα max
{
c1α, c
2
α
}
, for each α ∈ Λ.
Letting qα ↘ 1, the proof is complete. 
Remark 3.10. Data dependence results for multivalued admissible contractions (Frigon
[14] and Theorem 3.3), multivalued ϕ-contractions (Angelov–Rus [1]), multivalued con-
tractions of Bose–Mukherjee type (see Agarwal–O’Regan [2]) are particular cases of The-
orem 3.9.
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